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In this paper, the intersection numbers of KTSs with a common parallel class are
investigated. Denote by J1[u] the set of all integers k such that there is a pair of KTS(3u)s
with a common parallel class intersecting in k+ u triples, u of them being the triples of the
common parallel class. It has been established that J1[u] = {0, 1, . . . , 3
 u
2
 − 6, 3  u2  −
4, 3
 u
2
} for any odd integer u ≥ 7 and u ≠ 9, 11, 13, 17, 19. For u = 9, 11, 13, 17, 19,
there are 11 cases that are left undecided.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A Steiner triple system of order v (briefly STS(v)) is a pair (X,B)where X is a v-set andB is a collection of 3-subsets of X
(called triples) such that every pair of distinct elements of X belongs to exactly one triple ofB.
A Kirkman triple system of order v (briefly KTS(v)) is a Steiner triple system of order v (X,B) together with a partition R
of the set of triplesB into subsets R1, R2, . . . , Rn called parallel classes such that each Ri (i = 1, 2, . . . , n) is a partition of X .
It is well known that a KTS(v) exists if and only if v ≡ 3 (mod 6) [7], and hence a KTS(3u) exists if and only if u ≡ 1 (mod 2).
Chang and Lo Faro [2] determined the pairs (k, v) for which there exists a pair of Kirkman triple systems on the same v-set
having k triples in common with only 10 pairs of (k, v) undecided. Chang and Lo Faro [3] determined the pairs (k, 2r + 1)
for which there exists a pair of Kirkman triple systems on the same (2r + 1)-set having k + r triples in common and r of
them possessing a common element of X with only 9 pairs of (k, 2r + 1) undecided.
Two Kirkman triple systems of order v (X,B1) and (X,B2)with a common parallel class are said to intersect in k other
triples provided |B1∩B2| = k+v/3. In this paper, we investigate the intersection numbers of KTSs with a common parallel
class. Denote by J1[u] the set of all integers k such that there exists a pair of KTS(3u)swith a commonparallel class having k+u
triples in common, u of thembeing the triples of the commonparallel class. Let I1[u] = {0, 1, . . . , 3
 u
2
−6, 3  u2 −4, 3  u2 }.
By [5], it is obvious to see that J1[u] ⊆ I1[u]. In this paper, we will determine the set J1[u] for any odd integer u ≥ 3 and
u ≠ 9, 11, 13, 17, 19. For u = 9, 11, 13, 17, 19, there are 11 cases that are left undecided.
2. Auxiliary designs and recursive constructions
In this section, we shall introduce some terminology and describe some auxiliary designs to be used in our constructions.
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Let K be a set of positive integers. A K -GDDwith design (X,G,B) on a v-set X consists of a family G of distinct subsets of
X (called groups) which partition X , and with a collectionB of subsets of X (called blocks), with |B| ∈ K for all B ∈ B, such
that (i) each block contains at most one element from each group; (ii) each pair of elements from different groups occurs in
exactly one block.
The type of the K -GDD (X,G,B) is defined to be the multiset T = {|G| : G ∈ G}. We also use aibjck · · · to denote
the type, which means that in the multiset there are i occurrences of a, j occurrences of b, etc. A pairwise balanced design
(PBD) B(K , 1; v) is a K -GDD with group type 1v . A B({k}, 1; v) is essentially a (v, k, 1)-BIBD. We usually write {k}-GDD
as k-GDD for brevity. Furthermore, the k-GDD (X,G,B) is called resolvable, denoted by k-RGDD, if there exists a partition
Γ = {P1, P2, . . . , Pr} of B such that each part Pi forms a parallel class, i.e., a partition of X . It is easy to see that a 3-RGDD
with group type 3u yields a KTS(3u) if we consider the groups to be further blocks.
A holey parallel class of a GDD (X,G,B) is a set of blocks P which forms a partition of X \ G, for some G ∈ G. The group
G is called the hole corresponding to P . A K -frame is a K -GDD (X,G,B) in which the block set can be partitioned into holey
parallel classes.We refer to a 3-frame as a Kirkman frame. Two k-frames on the same set andwith the same groups (X,G,A)
and (X,G,B) are said to intersect in l blocks provided |A∩B| = l. Apply the Fundamental Frame Construction [10] to obtain
the following construction. The proof can be found in [2].
Theorem 2.1 (Fundamental Construction). Suppose that (X,G,A) is a GDD, and w is a function from X to Z+ ∪ {0}. For every
block A ∈ A, suppose that there is a pair of k-frames of type {w(x) : x ∈ A} with bA blocks in common. Then, there exists a pair
of k-frames of type {x∈Gw(x) : G ∈ G} havingA∈A bA blocks in common.
Theorem 2.2. Suppose that there are two Kirkman frames of type {t1, t2, . . . , tn}with b common triples. For 1 ≤ i ≤ n, suppose
that 3|ti and there exists a pair of 3-RGDDs of type 31+ti/3 containing bi common triples. Then there exists a pair of 3-RGDDs of
type 31+
n
i=1 ti/3 having b+ni=1 bi common triples.
Proof. Let (X,G,A) and (X,G,B) be twoKirkman frames of type {t1, t2, . . . , tn}with |A∩B| = b. LetG = {G1,G2, . . . ,Gn}
with |Gi| = ti, 1 ≤ i ≤ n and let Y be a set of 3 new points such that X ∩ Y = ∅.
For 1 ≤ i ≤ n, we have two RGDDs of type 31+ti/3 (Gi∪Y ,Hi,Ci) and (Gi∪Y ,Hi,Di) with |Ci∩Di| = bi where Y ∈ Hi. It
is easy to see that (X∪Y ,Hn∪(1≤i≤n−1(Hi\{Y })), (ni=1 Ci)∪A) and (X∪Y ,Hn∪(1≤i≤n−1(Hi\{Y })), (ni=1Di)∪B) are
two 3-RGDDs of type 31+
n
i=1 ti/3. (This is in fact the Filling in Holes Construction; see [10].) Clearly, the two newly 3-RGDDs
have
|A ∩B| +


n
i=1
Ci

∩

n
i=1
Di
 = b+ n
i=1
bi
common triples. 
Theorem 2.3. Suppose that (X,G,A) is a GDD, and w is a function from X to Z+ ∪ {0}. Let f ∈ X be a fixed point and Gf the
group containing the point f . For every block A ∈ A containing f , suppose that there is a pair of k-frames of type {w(x) : x ∈ A}
with a common holey parallel class corresponding to hole of size w(f ) intersecting in bA other blocks; and for every block A ∈ A
that does not contain f , suppose that there is a pair of k-frames of type {w(x) : x ∈ A} with bA common blocks. Then there exists
a pair of k-frames of type {x∈Gw(x) : G ∈ G} with a common holey parallel class corresponding to hole of sizex∈Gf w(x)
intersecting in

A∈A bA other blocks.
Proof. For every x ∈ X , let Yx be a set of cardinality w(x), and for any Z ⊆ X , define YZ = x∈Z Yx. For every block
A ∈ A containing f , we have a pair of k-frames (YA, {Yx : x ∈ A},BA) and (YA, {Yx : x ∈ A},CA) with a common holey
parallel class PA(Yf ) corresponding to hole Yf , and |BA ∩ CA| = bA + rA, rA of them being the blocks of the common holey
parallel class. Further, for every block A ∈ A that does not contain f , we have a pair of k-frames (YA, {Yx : x ∈ A},BA)
and (YA, {Yx : x ∈ A},CA) with |BA ∩ CA| = bA. Then it is easy to see that (YX , {YG : G ∈ G},A∈ABA) and
(YX , {YG : G ∈ G},A∈A CA) are k-frames (this is in fact the Fundamental Frame Construction; see [10]). From the
construction and the assumption, it is trivial to see that |BA ∩ CB| = 0 if A ≠ B, or bA if f ∉ A = B, or bA + rA if f ∈ A = B.
Then, the newly obtained k-frames have a common holey parallel class

{A∈A: f∈A} PA(Yf ) corresponding to hole YGf , and
they have

A∈A
BA

∩

A∈A
CA
 =
A∈A
bA +

{A∈A: f∈A}
rA
common blocks,

{A∈A:f∈A} rA of them being the blocks of the common holey parallel class. This completes the proof. 
Theorem 2.4. Let a ≥ 0 and suppose that there are two Kirkman frames of type {t1, t2, . . . , tn} with a common holey parallel
class P1 with the hole corresponding to the n-th group, which intersect in b other triples. For 1 ≤ i ≤ n − 1, suppose that
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there exists a pair of KTS(ti + a)s containing the same sub-KTS(a) with bi common triples, and suppose there exists a pair of
KTS(tn + a)s with a common parallel class P2 intersecting in bn other triples. Then, there exists a pair of KTS(1≤i≤n ti + a)s
with a common parallel class P1 ∪ P2 intersecting in b +1≤i≤n bi − (n − 1)a(a − 1)/6 other triples. Furthermore, we have
b+1≤i≤n bi − (n− 1)a(a− 1)/6 ∈ J1[(1≤i≤n ti + a)/3].
Proof. Let (X,G,A) and (X,G,B) be two Kirkman frames of type {t1, t2, . . . , tn}with |A ∩B| = b+ r1, r1 of them being
the triples of the common holey parallel class P1. Let G = {G1,G2, . . . ,Gn} with |Gi| = ti, 1 ≤ i ≤ n, and let Y be a set of
cardinality a such that X ∩ Y = ∅.
For 1 ≤ i ≤ n − 1, we have two KTS(ti + a)s (Gi ∪ Y ,Ci) and (Gi ∪ Y ,Di) containing the same sub-KTS(a) (Y , Ei), and
with |Ci ∩ Di| = bi. By the assumption, we also have two KTS(tn + a)s (Gn ∪ Y ,Cn) and (Gn ∪ Y ,Dn) with a common
parallel class P2, and |Cn ∩ Dn| = bn + r2, r2 of them being the triples of the common parallel class. It is easy to see that
(X ∪ Y ,A ∪ (1≤i≤n−1(Ci \ Ei)) ∪ Cn) and (X ∪ Y ,B ∪ (1≤i≤n−1(Di \ Ei)) ∪ Dn) are two KTS(1≤i≤n ti + a)s with a
common parallel class P1 ∪ P2 (this is in fact the Filling in Holes Construction; see [10]). Clearly, the two newly KTSs have
|A ∩B| +

1≤i≤n−1
|(Ci \ Ei) ∩ (Di \ Ei)| + |Cn ∩Dn| = b+

1≤i≤n
bi − (n− 1)a(a− 1)/6+ (r1 + r2)
common triples, r1 + r2 of them being the triples of the common parallel class. This completes the proof. 
3. The case of u = 3, 5, 7
Lemma 3.1. J1[3] = {0, 3, 9}.
Proof. Let I9 = {0, 1, . . . , 8}. A KTS(9) (I9,A) is listed as
A: 0 1 2 345 678 036 147 258
048 237 156 057 138 246
Consider the permutations on I9: π1 = (6 8 7) and π2 = (7 8). It is readily checked that
|A ∩ π1A| = 3, the common parallel class is {0, 1, 2}, {3, 4, 5}, {6, 7, 8} and hence 0 ∈ J1[3];
|A ∩ π2A| = 6, the common parallel class is {0, 1, 2}, {3, 4, 5}, {6, 7, 8} and hence 3 ∈ J1[3];
|A ∩A| = 12, the common parallel class is {0, 1, 2}, {3, 4, 5}, {6, 7, 8} and hence 9 ∈ J1[3].
It is well known that there exists only one KTS(9) under isomorphism. Denoted by Sym(I9) all the permutations on
I9, we choose all the suitable π ∈ Sym(I9) which can makeA and πA have a common parallel class. Then we find out the
intersection number k betweenA andπA belongs to {3, 6, 12}. We obtain J1[3] ⊆ {0, 3, 9}, and hence J1[3] = {0, 3, 9}. 
Lemma 3.2. J1[5] = I1[5] \ {23, 24}.
Proof. Take the following seven non-isomorphic 3-RGDDs of type 35 on I15 = {0, 1, . . . , 14} with group set G:
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 (see [9]).
Block setA1:
0 3 6 0912 0710 0413 0814 0 5 11
1 5 14 1 4 7 1612 1811 11013 1 3 9
2 4 10 21114 2 5 8 2 6 9 2312 2 7 13
7 11 12 3810 31113 3714 4611 4 8 12
8 9 13 5613 4914 51012 5 7 9 61014
Block setA2:
0 3 6 0912 0713 0410 0811 0 5 14
1 5 8 11114 1 3 9 1612 1413 1 7 10
2 10 13 2 4 7 2511 2814 2 6 9 2 3 12
4 9 14 3810 4812 31113 3714 4 6 11
7 11 12 5613 61014 5 7 9 51012 8 9 13
Block setA3:
0 3 6 0912 0710 0413 0814 0 5 11
1 10 13 1 4 7 1811 1514 1 3 9 1 6 12
2 7 14 2510 2312 2 6 9 21113 2 4 8
4 11 12 3813 4914 3711 4610 31014
5 8 9 61114 5613 81012 5712 7 9 13
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Block setA4:
0 3 6 0912 0413 0 5 7 01014 0 8 11
1 4 10 1713 1612 11114 1 5 8 1 3 9
2 7 14 2411 2810 2 6 9 2312 2 5 13
5 11 12 3814 3711 31013 4 7 9 4 6 14
8 9 13 5610 5914 4812 61113 71012
Block setA5:
0 3 6 0 4 9 0512 01013 0714 0 8 11
1 9 14 1712 1613 1 5 8 1411 1 3 10
2 11 12 2610 2 8 9 2 4 7 2313 2 5 14
4 8 13 3814 3711 3912 5 6 9 4 6 12
5 7 10 51113 41014 61114 81012 7 9 13
Block setA6:
0 3 6 0912 0413 0710 01114 0 5 8
1 7 13 1410 1514 1811 1 3 9 1 6 12
2 4 11 2813 2 6 9 2312 2 5 7 21014
5 10 12 3714 3810 4614 4812 31113
8 9 14 5611 71112 5913 61013 4 7 9
Block setA7:
0 3 6 0912 0 4 7 0513 0810 01114
1 11 13 1510 1612 1714 1 3 9 1 4 8
2 7 10 2814 2511 2 6 9 2413 2 3 12
4 9 14 3713 31014 3811 5614 5 7 9
5 8 12 4611 8913 41012 71112 61013
Consider the following permutations on I15 which fix the group set G:
π0 = (6 7 8)(9 11 10)(12 13 14), π1 = (7 8)(9 11 10)(12 13 14),
π2 = (6 7)(9 10 11)(12 13 14), π3 = (9 10 11)(12 13 14),
π4 = (4 5)(6 7)(10 11)(12 14), π5 = (7 8)(10 11)(12 14),
π6 = (10 11)(12 13 14), π7 = (9 10 11)(12 14),
π8 = (3 4)(6 7)(9 10)(12 13), π9 = (1 2)(7 8)(10 11),
π10 = (10 11)(13 14), π11 = (0 1 2)(3 4)(6 7 8)(9 10 11)(12 13 14),
π12 = (12 13 14), π13 = (0 1 2)(3 4)(6 7 8)(9 10 11)(12 14 13),
π14 = (0 1 2)(3 4)(6 7 8)(9 10 11)(12 13), π15 = (4 5)(7 8)(13 14),
π16 = (1), π17 = (9 10)(12 14 13),
π18 = (13 14), π19 = (6 10 8 11 7 9)(12 13),
π20 = (7 8)(10 11), π21 = (4 5)(10 11),
π22 = (4 5)(7 8)(10 11)(13 14), π26 = (0 1)(4 5)(7 8)(10 11)(13 14),
π30 = (1).
It is readily checked that for each row in Table 1, |Ai ∩ πkAj| = k. 
There are only seven non-isomorphic 3-RGDD (I15,G,Ai) (i = 1, 2, . . . , 7) of type 35 (see [9]). The computer has
searched for all the permutations on I15 which can keep group set G fixed. Let F denote the obtained permutations. Then
make a permutation π ∈ F on Ai (i = 1, 2, . . . , 7), we obtain 3-RGGDs of type 35 which have the same group set G.
Then we find out the intersection numbers between two of the obtained RGDDs belong to I1[5] \ {23, 24}. That is to say
J1[5] ⊆ I1[5] \ {23, 24}. Hence, J1[5] = I1[5] \ {23, 24}. 
Lemma 3.3. {0− 27, 31, 33, 36, 45, 63} ⊆ J1[7].
Proof. Let I21 = {0, 1, . . . , 20}, group set G = {{3j, 3j+ 1, 3j+ 2} : 0 ≤ j ≤ 6} andA contains the following triples:
0 312 11320 21117 4619 51418 71016 8 9 15
0 6 9 11415 2420 31018 5819 71317 111216
01113 1817 21519 31416 41218 5 7 9 61020
0720 11019 2 3 9 41316 51215 61417 81118
01518 1516 2612 3711 41017 81420 91319
01014 1411 2816 31520 5613 71219 91718
01619 1718 2510 3813 4914 61115 121720
0517 1 3 6 21318 4715 81012 91620 111419
0 4 8 1912 2714 31719 51120 61618 101315
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Table 1
Intersection numbers for Lemma 3.2.
i j k
1 1 0, . . . , 6, 10, 12, 18, 30
3 3 7, 8, 9, 11, 13, 14
3 4 15
1 3 16
4 5 17
5 7 19
2 3 20
4 7 21
3 6 22, 26
Then (I21,G,A) is a 3-RGDD of type 37. Consider the following permutations on I21 which fix the group set G:
π0 = (6 7 8)(9 10 11)(12 13)(15 17 16)(18 19 20), π1 = (7 8)(9 10 11)(12 13)(15 17 16)(18 19 20),
π2 = (9 10 11)(12 13 14)(15 16 17)(18 20 19), π3 = (9 10 11)(12 13)(15 17 16)(18 19 20),
π4 = (9 10)(12 13 14)(15 16 17)(18 20 19), π5 = (9 10)(12 13)(15 16 17)(18 20 19),
π6 = (10 11)(12 13 14)(15 16 17)(18 20 19), π7 = (10 11)(12 13 14)(15 17 16)(18 19 20),
π8 = (12 13 14)(15 16 17)(18 20 19), π9 = (10 11)(12 13 14)(16 17)(18 19 20),
π10 = (10 11)(13 14)(15 16 17)(18 20 19), π11 = (12 13)(15 16 17)(18 20 19),
π12 = (13 14)(15 16 17)(18 20 19), π13 = (12 13 14)(15 16)(18 19 20),
π14 = (12 13)(15 16 17)(18 19 20), π15 = (13 14)(15 16 17)(18 19 20),
π16 = (12 13)(16 17)(18 19 20), π17 = (13 14)(16 17)(18 19 20),
π18 = (15 16 17)(18 20 19), π19 = (10 11)(13 14)(16 17)(18 20),
π20 = (12 13)(16 17)(19 20), π21 = (15 16 17)(18 19 20),
π22 = (12 13)(16 17)(18 20), π23 = (13 14)(16 17)(18 20),
π24 = (13 14)(18 19 20), π25 = (16 17)(18 19 20),
π26 = (9 10 11)(13 14), π27 = (3 5)(6 8)(9 11),
π31 = (16 17)(19 20), π33 = (16 17)(18 20),
π36 = (18 19 20), π45 = (19 20),
π63 = (1).
It is readily checked that for each k ∈ {0− 27, 31, 33, 36, 45, 63}, |A ∩ πkA| = k. 
Lemma 3.4. 28, 29, 30, 32, 37, 40, 46, 47, 49, 51, 53, 55 ∈ J1[7].
Proof. Let I21 = {0, 1, . . . , 20}, group set G = {{3j, 3j + 1, 3j + 2} : 0 ≤ j ≤ 6} and block set A contains the following
triples:
0 815 11219 2 3 7 4 6 9 51620 101317 111418
0718 11315 2916 31014 41720 5 6 12 81119
01116 1920 2617 3813 41519 5 7 14 101218
01019 1311 2413 51518 61416 71220 8 9 17
01320 1414 2510 31718 61115 7 9 19 81216
01417 1 5 8 21120 3912 41618 61319 71015
0 3 6 11016 21215 4711 51719 81420 91318
0 5 9 1618 21419 31520 4810 71316 111217
0412 1717 2818 31619 51113 61020 91415
block setB contains the following triples:
0 1019 51720 4711 91318 1 3 8 61416 21215
01116 5612 41718 7919 2 3 10 81420 11315
0718 51014 2413 1920 31719 61115 81216
0815 2 5 7 4 6 9 31620 11219 111418 101317
01417 51519 4810 2916 31113 1 6 18 71220
01320 51618 1414 3912 2 6 17 81119 71015
0 5 9 41520 3714 61319 111217 2 8 18 11016
0 3 6 5813 41619 91415 101218 21120 1 7 17
0412 1511 8917 31518 61020 21419 71316
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Then (I21,G,A) and (I21,G,B) are two 3-RGDDs of type 37. Consider the following permutations on I21 which fix the group
set G:
π28 = (1 2)(3 5)(6 7 8)(9 10 11)(12 14 13)(15 17)(19 20),
π29 = (1 2)(3 5)(6 7 8)(9 11 10)(13 14)(15 17)(19 20),
π30 = (0 1)(3 5)(6 7 8)(9 11 10)(13 14)(15 17)(19 20),
π32 = (0 1)(3 5)(6 7 8)(9 10 11)(12 14 13)(15 17)(19 20),
π37 = (0 1 2)(3 5)(6 7 8)(9 11 10)(12 14 13)(15 17)(19 20),
π40 = (0 6 12 9)(1 8 13 11)(2 7 14 10)(3 5)(15 19 17 20 16 18),
π47 = (0 7 11)(1 8 9)(2 6 10)(3 15 20)(4 16 18)(5 17 19)(12 13 14),
π49 = (0 6)(1 7)(2 8)(3 5)(9 12)(10 13)(11 14)(15 17),
π51 = (0 7)(1 6)(2 8)(3 15)(4 16)(5 17)(9 10)(12 13),
π53 = (0 6 12 9)(1 8 13 11)(2 7 14 10)(3 5)(15 19 17 20)(16 18),
π55 = (0 6 12 9)(1 8 13 11)(2 7 14 10)(3 5)(15 19)(16 18)(17 20).
It is readily checked that for each k ∈ {28, 29, 30, 32, 37, 40, 47, 49, 51, 53, 55}, |A ∩ πkA| = k and |A ∩B| = 46. 
Lemma 3.5. 34, 38, 39, 41, 43, 44, 56, 57, 59 ∈ J1[7].
Proof. Let I21 = {0, 1, . . . , 20}, group set G = {{3j, 3j+ 1, 3j+ 2} : 0 ≤ j ≤ 6} andA contains the following triples:
0 417 1 5 6 2919 3711 81216 101418 131520
01416 1815 2610 31719 41112 51318 7 9 20
0 5 7 11118 2814 31620 41319 6 9 15 101217
0 3 9 11013 21618 4620 51219 71415 81117
01215 1314 21120 4818 5916 61317 71019
0618 11220 2517 3810 4914 71316 111519
01020 11619 2415 3612 51114 71718 8 9 13
01113 1917 2712 31518 41016 5 8 20 61419
0819 1 4 7 2313 51015 61116 91218 141720
Then (I21,G,A) is a 3-RGDD of type 37. Consider the following permutations on I21 which fix the group set G:
π34 = (0 12 1 14 2 13)(4 5)(6 9)(7 11)(8 10)(15 18)(16 20)(17 19),
π38 = (0 15 9 12 18 6)(1 17 10 14 19 8)(2 16 11 13 20 7),
π39 = (0 9 18)(1 10 19)(2 11 20)(6 15 12)(7 16 13 8 17 14),
π41 = (0 9 18)(1 10 19)(2 11 20)(6 15 12 8 17 14)(7 16 13),
π43 = (0 19 11)(1 20 9)(2 18 10)(3 4 5)(6 16 14)(7 17 12)(8 15 13),
π44 = (0 16 18 7 9 13)(1 15 19 6 10 12)(2 17 20 8 11 14)(3 4),
π56 = (0 15 9 12 18 6)(1 17 10 14 19 8)(2 16 11 13 20 7)(4 5),
π57 = (0 9 18)(1 10 19)(2 11 20)(6 15 12)(7 16 13)(8 17 14),
π59 = (0 12)(1 14)(2 13)(4 5)(6 9)(7 11)(8 10)(15 18)(16 20)(17 19).
It is readily checked that for each k ∈ {34, 38, 39, 41, 43, 44, 56, 57, 59}, |A ∩ πkA| = k. 
Lemma 3.6. 35 ∈ J1[7].
Proof. Let I21 = {0, 1, . . . , 20}. A 3-RGDD (I21,G,A) of type 37 is listed as follows: Group set G = {{3j, 3j+1, 3j+2} : 0 ≤
j ≤ 6}
Block setA:
0 15 18 11317 2310 4 6 9 51620 71112 81419
0 11 16 1919 2413 3815 5714 61720 101218
0 10 20 1716 21418 3912 4817 51113 61519
0 14 17 1320 2 7 9 41115 5810 61318 121619
0 8 13 11015 21119 31416 4720 5612 91718
0 7 19 1812 2515 31117 41618 61014 91320
0 3 6 1518 21217 41019 71315 8916 111420
0 5 9 1414 2616 31319 71017 81118 121520
0 4 12 1611 2820 3718 51719 91415 101316
The permutation π = (3 4)(15 17) fixes the group set G and it is readily checked that |A ∩ πA| = 35. 
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Lemma 3.7. 48 ∈ J1[7].
Proof. Let I21 = {0, 1, . . . , 20}, group set G = {{3j, 3j + 1, 3j + 2} : 0 ≤ j ≤ 6} and block set A contains the following
triples:
0 1519 3912 1614 41113 51718 71016 2 8 20
01320 61619 91518 31014 1 4 8 111217 2 5 7
0718 61720 91416 3813 2415 101219 1 5 11
01116 2610 8917 31520 4714 11218 51319
01417 4 6 9 1319 71220 5816 101315 21118
0810 5612 2913 31618 41719 1 7 15 111420
0 3 6 1920 41018 21216 51415 71317 81119
0412 61115 7919 2317 51020 11316 81418
0 5 9 61318 3711 41620 81215 11017 21419
block setB contains the following triples:
5 719 11316 81012 01417 31520 21118 4 6 9
4714 51018 1319 21216 8 9 17 01320 61115
3711 41020 11218 91416 61719 2 5 13 0 8 15
0718 2 6 10 1920 41619 111217 3 8 13 51415
71220 11017 5816 41113 91518 21419 0 3 6
2 7 9 101315 1614 31618 51720 81119 0 4 12
71016 1 4 8 2317 61318 121519 111420 0 5 9
71317 01019 1511 61620 2 4 15 81418 3 9 12
1715 31014 01116 41718 91319 2 8 20 5 6 12
Then (I21,G,A) and (I21,G,B) are two 3-RGDDs of type 37. It is readily checked that |A ∩B| = 48. 
Lemma 3.8. 50 ∈ J1[7].
Proof. Let I21 = {0, 1, . . . , 20}, group set G = {{3j, 3j + 1, 3j + 2} : 0 ≤ j ≤ 6} and block set A contains the following
triples:
0 5 7 6915 31113 11217 81618 41019 21420
01320 91218 31419 61017 11115 4 7 16 2 5 8
0819 2316 4611 1914 71220 51015 131718
0417 31020 61416 2 7 9 111219 81315 1 5 18
01116 3612 5913 21519 41418 1 7 10 81720
01014 31518 1620 4 8 9 51216 71319 21117
0 3 9 2613 81012 41520 71118 11619 51417
01215 3717 5619 91620 21018 1 4 13 81114
0618 1 3 8 91719 2412 71415 101316 51120
block setB contains the following triples:
0 519 21117 81315 41418 91620 3612 1 7 10
5715 21420 81012 4611 131718 0 3 9 11619
1518 3819 01116 2613 101415 4917 71220
51216 1 8 9 31113 21018 0 7 14 61719 41520
5913 81114 21519 11217 31020 0618 4 7 16
5610 81720 71118 2316 91419 01215 1 4 13
2 5 8 11115 61416 3717 01320 91218 41019
51417 0 4 8 111219 2 7 9 1 6 20 31518 101316
51120 81618 2 4 12 1314 01017 6915 71319
Then (I21,G,A) and (I21,G,B) are two 3-RGDDs of type 37. It is readily checked that |A ∩B| = 50. 
Lemma 3.9. 52 ∈ J1[7].
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Proof. Let I21 = {0, 1, . . . , 20}, group set G = {{3j, 3j + 1, 3j + 2} : 0 ≤ j ≤ 6} and block set A contains the following
triples:
0 3 9 61719 51216 21315 1 8 18 4 7 10 111420
3612 01020 8916 11115 2 7 18 41319 51417
6915 01416 31113 4 8 12 101718 1 7 19 2 5 20
91218 0519 3810 61320 71415 1 4 16 21117
01215 3717 4611 1 9 20 51318 101619 2 8 14
31518 0417 2616 91419 71220 11013 5 8 11
0618 1314 2 4 9 111219 51015 71316 81720
0813 2319 61014 5 7 9 11217 41520 111618
0711 31620 1 5 6 91317 21012 81519 41418
block setB contains the following triples:
0 9 12 1314 101718 2 6 16 41520 71319 5 8 11
3 9 18 0711 11217 61320 51015 41619 2 8 14
3 6 12 01020 5 7 9 41418 81519 11316 21117
121518 0813 1 9 20 2 3 19 4 6 11 71016 51417
0 6 18 2 4 9 31113 51216 71415 11019 81720
6 9 15 01416 3 7 17 111219 1 8 18 41013 2 5 20
0 3 15 8916 21012 51318 61719 1 4 7 111420
0 5 19 91317 31620 4 8 12 2 7 18 61014 11115
0 4 17 91419 3 8 10 71220 111618 1 5 6 21315
Then (I21,G,A) and (I21,G,B) are two 3-RGDDs of type 37. It is readily checked that |A ∩B| = 52. 
Lemma 3.10. 42, 54 ∈ J1[7].
Proof. By Lemma 10 in [6], (S,B) and (S,C) are KTS(21)s with a common parallel class and |B ∩ C| = 49, so we obtain
42 ∈ J1[7]; by Lemma 3.13 in [3], (I21,D1) and (I21,D2) are KTS(21)s with a common parallel class and |D1 ∩D2| = 61, so
we obtain 54 ∈ J1[7]. 
Lemma 3.11. J1[7] = I1[7].
Proof. It follows by Lemmas 3.3–3.10. 
4. Working lemmas
In this section, for any positive integer n, we always denote by S(n) the set of all non-negative integers less than or equal
to n, with the exceptions of n− 5, n− 3, n− 2 and n− 1. For a positive integer u, let tu = 3
 u
2

.
Lemma 4.1 ([1]). A B({4, 7∗}, 1; v) (with exactly one block of size 7) exists if and only if v ≡ 7, 10 (mod 12), v ≠ 10, 19.
Lemma 4.2 ([2, Lemma 4.1]). For any k ∈ {0, 2, 8}, there exists a pair of Kirkman frames of type 24 having k triples in common.
Lemma 4.3 ([3, Theorem 3.6]). For any k ∈ {0−21, 24, 28}, there exists a pair of Kirkman frames with type 27 having k common
triples.
Lemma 4.4. Let n = 3(u − 1)(u − 3)/2. For any k ∈ S(n), there exists a pair of Kirkman frames of type 6(u−1)/2 having k
common triples for u ≡ 5, 7 (mod 8) and u ≥ 15.
Proof. Since u ≡ 5, 7 (mod 8) and u ≥ 15, by Lemma 4.1, there is a ((3u− 1)/2, {4, 7∗}, 1)-PBD, in which contains unique
block of size 7. There is at least one point which does not occur in the block of size 7. Delete this point to get a {4, 7}-GDD
with group type 3(u−1)/2, which contains unique block of size 7 and [3(u− 1)(u− 3)− 56]/16 = (n− 28)/8 blocks of size
4. Give every point of the GDDweight 2. The required Kirkman frames of types 24 and 27 are guaranteed by Lemmas 4.2 and
4.3. Applying Theorem 2.1, we then obtain a pair of Kirkman frames having
2s+ 8t + k′ (1)
common triples, where s, t are non-negative integers such that 0 ≤ s+ t ≤ (n− 28)/8 and k′ ∈ {0− 21, 24, 28}. For any
k ∈ S(n), it is easy to see that k can be written in the form of (1). This completes the proof. 
Theorem 4.5. J1[u] = I1[u] for any u ≡ 5, 7 (mod 8) and u ≥ 15.
Y. Li et al. / Discrete Mathematics 312 (2012) 2893–2904 2901
Proof. By Lemma3.1, there exists a pair of RGDDs of type 33 having k common tripleswhere k ∈ {0, 3, 9}. Apply Theorem2.2
and Lemma 4.4 to obtain a pair of 3-RGDDs of type 3u where u ≡ 5, 7 (mod 8) and u ≥ 15 having
b+ b1 + b2 + · · · + b(u−1)/2 (2)
common triples, where bi ∈ {0, 3, 9} for 1 ≤ i ≤ (u−1)/2 and b ∈ S(3(u−1)(u−3)/2). For any k ∈ I1[u], it is not difficult
to show that k can be written in the form of (2). That is I1[u] ⊆ J1[u] and hence J1[u] = I1[u] for any u ≡ 5, 7 (mod 8) and
u ≥ 15. 
Lemma 4.6 ([3, Lemma 4.6]). For any u ≡ 1, 3 (mod 8) and u ≥ 9, there exists a pair of Kirkman frames of type 6(u−1)/2 having
one triple in common.
Lemma 4.7. For any k ∈ {0, 1, 2, . . . , 3  u2  − 20}, there exists a pair of 3-RGDDs of type 3u having k common triples for
u ≡ 1, 3 (mod 8) and u ≥ 9.
Proof. Since u ≡ 1, 3 (mod 8) and u ≥ 9, there exists a ((3u − 1)/2, 4, 1)-BIBD (see [4]). Delete a point of the BIBD to
obtain a 4-GDDwith group type 3(u−1)/2 which contains n = 3(u−1)(u−3)/16 blocks of size 4. Give each point of the GDD
weight 2. Apply Theorem 2.1 and Lemma 4.2 to obtain a pair of Kirkman frame of group type 6(u−1)/2 with 2s+ 8t triples in
common, where s, t are non-negative integers such that 0 ≤ s+ t ≤ n. By Theorem 2.2, Lemmas 3.1 and 4.6, there is a pair
of 3-RGDDs of type 3u which intersect in
2s+ 8t +

1≤i≤(u−1)/2
bi (3)
or
1+

1≤i≤(u−1)/2
bi (4)
common triples, where s, t are non-negative integers such that 0 ≤ s + t ≤ n and bi ∈ {0, 3, 9} for 1 ≤ i ≤ (u − 1)/2.
Note that {2s + 8t : s, t are non-negative integers, 0 ≤ s + t ≤ n} = {2i : 0 ≤ i ≤ 4n} \ {8n − 10, 8n − 4, 8n − 2};
and {1≤i≤(u−1)/2 bi : bi ∈ {0, 3, 9}, 1 ≤ i ≤ (u − 1)/2} = {3j : 0 ≤ j ≤ 3(u − 1)/2, j ≠ 3(u − 1)/2 − 1}. For any
k ∈ {0, 1, 2, . . . , 3  u2 − 20}, it is not difficult to show that k can be written in the form of either (3) or (4). This completes
the proof. 
Lemma 4.8. For any k ∈ {9, 15, 21, 27, 33, 45, 81}, there exists a pair of 3-RGDDs of group type 93 with a common parallel
class having k common triples.
Proof. Let I27 = {0, 1, . . . , 26} and G = {{i+ 9j : 0 ≤ i ≤ 8} : j = 0, 1, 2}. A RGDD (I27,G,A) of type 93 is constructed by
listing the block setA as below:
0918 11019 21120 31221 41322 51423 61524 71625 81726 (∗)
01020 11118 2919 31323 41421 51222 61626 71724 8 15 25
01119 1920 21018 31422 41223 51321 61725 71526 8 16 24
01224 11325 21426 31518 41619 51720 6921 71022 8 11 23
01326 11424 21225 31620 41718 51519 61023 71121 8 9 22
01425 11226 21324 31719 41520 51618 61122 7923 8 10 21
01521 11622 21723 3924 41025 51126 61218 71319 8 14 20
01623 11721 21522 31026 41124 5925 61320 71418 8 12 19
01722 11523 21621 31125 4926 51024 61419 71220 8 13 18
Consider the permutations on I27:
π9 = (0 3 7 2 6)(9 12 16 11 15)(18 21 25 20 24),
π15 = (0 1 2 3)(9 10 11 12)(18 19 20 21),
π21 = (3 4 7 8)(12 13 16 17)(21 22 25 26),
π27 = (3 4 5)(12 13 14)(21 22 23),
π33 = (2 3)(11 12)(20 21)(0 6 5 1)(9 15 14 10)(18 24 23 19),
π45 = (0 1)(9 10)(18 19),
π81 = (0).
For k ∈ {9, 15, 21, 27, 33, 45, 81}, it is readily checked that |A ∩ πkA| = kwith a common parallel class (∗). 
Lemma 4.9. I1[9] \ {95, 101, 104} ⊆ J1[9].
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Proof. By Lemma 4.8, there exists a pair of RGDDs of type 93 with a common parallel class which intersect in k triples
where k ∈ {9, 15, 21, 27, 33, 45, 81}. Fill the ith (1 ≤ i ≤ 3) group by a pair of KTS(9)s with bi common triples where
bi ∈ {0, 1, 2, 3, 4, 6, 12} from [2]. We then obtain a pair of KTS(27)s with a common parallel class which intersect in
k − 9 + 1≤i≤3 bi other common triples. Hence, k − 9 + 1≤i≤3 bi ∈ J1[9] where k ∈ {9, 15, 21, 27, 33, 45, 81} and
bi ∈ {0, 1, 2, 3, 4, 6, 12} for 1 ≤ i ≤ 3. This implies that I1[9] \ {59, 65, 67 − 71, 95, 101, 104} ⊆ J1[9]. Together with
{0, 1, . . . , 72} ⊆ J1[9] from Lemma 4.7, we have I1[9] \ {95, 101, 104} ⊆ J1[9]. 
Lemma 4.10. There exists a pair of Kirkman frames of type 24 with a common holey parallel class having k other common triples
where k ∈ {0, 6}.
Proof. Let X = {1, 2, . . . , 8} and G = {{2j + 1, 2j + 2} : 0 ≤ j ≤ 3}. A Kirkman frame (X,G,A) of type 24 is constructed
with the block setA as below:
358 157 148 136
467 268 237 245
Let π = (5 8)(6 7). Then (X,G,A) and (X,G, π(A)) both have a holey parallel class {3 5 8}, {4 6 7} corresponding to hole
{1 2}. It is readily checked that |A ∩ π(A)| = 2 and |A ∩A| = 8. 
Lemma 4.11. For any k ∈ {0, 12, 20, 41, 92, 140, 170}, there exists a pair of Kirkman frames with a common holey parallel
class of type 66 having k other common blocks.
Proof. A Kirkman frame (X,G,A) of type 66 is listed as follows:
Point set X = (((Z5 × {1, 2}) ∪∞)× Z3) ∪ {a, b, c}.
Group set G : Gi = {(i, 1, 0), (i, 1, 1), (i, 1, 2), (i, 2, 0), (i, 2, 1), (i, 2, 2)} for i ∈ Z5, and G∞ = {(∞, 1), (∞, 2),
(∞, 0), a, b, c}.
Partial parallel classes Pij corresponding to Gi, where i ∈ Z5, j ∈ Z3:
{(∞, j), (i+ 3, 1, j), (i+ 2, 2, j+ 1)},
{(∞, j+ 1), (i+ 1, 1, j), (i+ 3, 1, j+ 2)},
{(∞, j+ 2), (i+ 4, 2, j+ 1), (i+ 3, 2, j+ 2)},
{(i+ 1, 2, j+ 2), (i+ 3, 2, j+ 1), (i+ 4, 2, j+ 2)},
{(i+ 2, 1, j+ 1), (i+ 3, 1, j+ 1), (i+ 4, 1, j+ 2)},
{(i+ 3, 2, j), (i+ 4, 2, j), (i+ 1, 1, j+ 2)},
{(i+ 4, 1, j), (i+ 2, 1, j), (i+ 1, 2, j)},
{a, (i+ 1, 1, j+ 1), (i+ 2, 2, j+ 2)},
{b, (i+ 2, 1, j+ 2), (i+ 1, 2, j+ 1)},
{c, (i+ 4, 1, j+ 1), (i+ 2, 2, j)}.
Partial parallel classes Qj corresponding to G∞, where i ∈ Z5, j ∈ Z3:
{(i, 1, j), (i+ 4, 1, j+ 1), (i+ 1, 2, j)},
{(i, 1, j+ 2), (i+ 1, 2, j+ 1), (i+ 3, 2, j+ 2)}.
Block setA =j∈Z3((i∈Z5 Pij) ∪ Qj).
Consider the following permutations:
π0 = ((0, 1, 0)(0, 1, 1))((0, 1, 2)(0, 2, 0))((0, 2, 1)(0, 2, 2))((1, 1, 0)(1, 2, 0))((1, 1, 1)(1, 1, 2))
((1, 2, 1)(1, 2, 2))((2, 1, 0)(3, 1, 2))((2, 1, 1)(3, 1, 0))((2, 1, 2)(3, 2, 1))((2, 2, 0)(3, 2, 2))
((2, 2, 1)(3, 1, 1))((2, 2, 2)(3, 2, 0))((4, 1, 0)(∞, 1))((4, 1, 1)(∞, 2))((4, 1, 2)(∞, 0))
((4, 2, 0) a)((4, 2, 1) c)((4, 2, 2) b),
π1 = ((0, 1, 2)(0, 2, 2))((1, 1, 0)(1, 2, 0))((1, 1, 1)(1, 2, 2))((1, 1, 2)(1, 2, 1))((2, 1, 0)(3, 1, 2))
((2, 1, 1)(3, 1, 0))((2, 1, 2)(3, 2, 0))((2, 2, 0)(3, 2, 2))((2, 2, 1)(3, 1, 1))((2, 2, 2)(3, 2, 1))
((4, 1, 0)(∞, 1))((4, 1, 1)(∞, 2))((4, 1, 2)(∞, 0))((4, 2, 0) b)((4, 2, 1) c)((4, 2, 2) a),
π2 = ((1, 1, 0)(1, 2, 0))((3, 2, 1)(3, 2, 2))((4, 2, 0)(4, 2, 1))((1, 1, 2)(1, 2, 2))
((2, 1, 0)(2, 2, 0))(a, b)((0, 1, 0)(0, 2, 2))((0, 1, 1)(0, 2, 1))((0, 1, 2)(0, 2, 0)),
π3 = ((3, 1, 0)(3, 1, 1)(3, 1, 2)(3, 2, 0)(3, 2, 1)(3, 2, 2))
((1, 2, 1)(1, 2, 2))((2, 2, 0)(2, 2, 1))((4, 1, 0)(4, 2, 0)),
π4 = ((1, 1, 2)(1, 2, 2))((2, 1, 0)(2, 2, 0))(a b),
π5 = ((0, 1, 0)(0, 1, 1)).
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It is readily checked that
|A ∩ π0A| = 10 with a common holey parallel class P00;
|A ∩ π1A| = 22 with a common holey parallel class P00;
|A ∩ π2A| = 30 with a common holey parallel class P01;
|A ∩ π3A| = 51 with a common holey parallel class P31;
|A ∩ π4A| = 102 with a common holey parallel class P01;
|A ∩ π5A| = 150 with a common holey parallel class P00;
|A ∩A| = 180 with a common holey parallel class P00. 
Lemma 4.12. I1[u] \ {tu − 13, tu − 7, tu − 4} ⊆ J1[u] for u = 11, 13, 17, 19.
Proof. There is a B((3u − 1)/2, 4, 1) for u = 11, 17, 19 (see [4]). Delete a point of the BIBD to get a 4-GDD (X,G,B) of
group type 3(u−1)/2 which contains 3(u− 1)(u− 3)/16 blocks of size 4. Select a point in the (u− 1)/2-th group, say f , there
are (u − 3)/2 blocks containing the point f and (3u − 11)(u − 3)/16 blocks not containing the point f in the 4-GDD. Give
each point of the GDD weight 2. For each B ∈ B containing f , there is a pair of Kirkman frames of type 24 with a common
holey parallel class which intersect in 0 or 6 other common triples, whose existence is guaranteed by Lemma 4.10. For each
block B ∈ B not containing f , there is a pair of Kirkman frames of type 24 with kB common triples where kB ∈ {0, 2, 8},
which is guaranteed by Lemma 4.2. Apply Theorem 2.3 to obtain a pair of Kirkman frames of type 6(u−1)/2 with a common
holey parallel class corresponding to the (u − 1)/2-th group which intersect in1≤i≤(u−3)/2 αi +1≤j≤(3u−11)(u−3)/16 βj
other triples where αi ∈ {0, 6} for 1 ≤ i ≤ (u− 3)/2 and βj ∈ {0, 2, 8} for 1 ≤ j ≤ (3u− 11)(u− 3)/16. Use Theorem 2.4
with a = 3 to fill the holes of the newly constructed Kirkman frames of type 6(u−1)/2 with a common holey parallel class
corresponding to the (u−1)/2-th group. Fill the i-th (1 ≤ i ≤ (u−3)/2) group by a pair of KTS(9)s containing the same sub-
KTS(3)with bi common tripleswhere bi ∈ {1, 2, 3, 4, 6, 12} from [2]; and fill the (u−1)/2-th group by a pair of KTS(9)swith
a common parallel class that intersect in b(u−1)/2 other triples where b(u−1)/2 ∈ {0, 3, 9} from Lemma 3.1. By Theorem 2.4
there is a pair of KTS(3u)s with a common parallel class which intersect in
1≤i≤(u−3)/2
αi +

1≤j≤(3u−11)(u−3)/16
βj +

1≤i≤(u−1)/2
bi − u− 32 (5)
other common triples where αi ∈ {0, 6} for 1 ≤ i ≤ (u − 3)/2, βj ∈ {0, 2, 8} for 1 ≤ j ≤ (3u − 11)(u − 3)/16, bi ∈
{1, 2, 3, 4, 6, 12} for 1 ≤ i ≤ (u−3)/2 and b(u−1)/2 ∈ {0, 3, 9}. For any k ∈ I1[u]\ {tu−13, tu−7, tu−4} for u = 11, 17, 19,
it is not difficult to show that k can bewritten in the formof (5). Hence, I1[u]\{tu−13, tu−7, tu−4} ⊆ J1[u] foru = 11, 17, 19.
For u = 13, by Lemma 4.11, there exists a pair of Kirkman frames of type 66 with a common holey parallel class
corresponding to 6-th group which intersect in k other common triples where k ∈ {0, 12, 20, 41, 92, 140, 170}. A similar
argument by employing Theorem 2.4 gives a pair of KTS(39)s with a common parallel class which intersect in
k+

1≤i≤6
bi − 5
other common triples where k ∈ {0, 12, 20, 41, 92, 140, 170}, bi ∈ {1, 2, 3, 4, 6, 12} for 1 ≤ i ≤ 5 and b6 ∈ {0, 3, 9}. It is
not difficult to show that I1[13] \ {t13 − 13, t13 − 7, t13 − 4} ⊆ J1[13]. 
Lemma 4.13. Let u ≡ w ≡ 1 (mod 2) and u ≥ 3w. If k ∈ J1[w], then k+ tu − tw ∈ J1[u].
Proof. From [8], there exists a KTS(3u) (X,B) containing a sub-KTS(3w) (Y ,A). Replace the sub-KTS(3w) (Y ,A) by a
pair of sub-KTS(3w)s (Y ,A1) and (Y ,A2) with a common parallel class P . The parallel class containing P in the newly
KTS(3u)s is denoted by P ′. Suppose |A1 ∩A2| = k+ w, the newly pair of KTS(3u)s with a common parallel class P ′ have
u(3u− 1)/2− w(3w − 1)/2+ k+ w − u(=k+ tu − tw) other common triples. Hence, k+ tu − tw ∈ J1[u]. 
Lemma 4.14. J1[u] = I1[u] for any u ≡ 1, 3 (mod 8) and u ≥ 25; I1[u] \ {tu − 7} ⊆ J1[u] for u = 17, 19.
Proof. For u ≡ 1, 3 (mod 8) and u ≥ 25, by Lemma 4.7, {0, 1, . . . , tu − 20} ⊆ J1[u]. By Lemmas 3.1, 3.2 and 3.11,
J1[5] = I1[5] \ {t5 − 7, t5 − 6}, t3 − 6 = 3 ∈ J1[3] and t7 − 7 = 56 ∈ J1[7]. Taking w = 3, 5, 7 in Lemma 4.13, we
have k+ tu − tw ∈ J1[u]where k ∈ J1[w]. It is readily checked that {tu − 19, tu − 18, . . . , tu − 6, tu − 4, tu} ⊆ J1[u]. Hence,
J1[u] = I1[u].
For u = 17, 19, by Lemma 4.12, we only need to show that tu − 13, tu − 4 ∈ J1[u]. Since t5 − 13, t5 − 4 ∈ J1[5] from
Lemma 3.2, by applying Lemma 4.13 with w = 5, we get k + tu − t5 ∈ J1[u] where k = t5 − 13, t5 − 4. This gives
tu − 13, tu − 4 ∈ J1[u]. 
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5. Main result
We are in position to present the following main result.
Theorem 5.1. J1[u] = I1[u] for any u ≡ 1 (mod 2), u ≥ 7 and u ≠ 9, 11, 13, 17, 19.
J1[3] = {0, 3, 9}; J1[5] = I1[5] \ {23, 24};
I1[u] \

3
u
2

− 13, 3
u
2

− 7, 3
u
2

− 4

⊆ J1[u] for u = 9, 11, 13;
I1[u] \

3
u
2

− 7

⊆ J1[u] for u = 17, 19.
Proof. For u ≡ 1 (mod 2), u ≥ 7 and u ≠ 9, 11, 13, the conclusion follows by Theorem 4.5, Lemmas 3.11 and 4.14. For
u ≤ 13, it follows by Lemmas 3.1, 3.2, 4.9 and 4.12. 
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